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Abstract. We provide a definition of the total energy-momentum for 
asymptotically anti-de Sitter initial data sets which are asymptotic to t- 
slice in anti-de Sitter spacetime. The definition arises from the boundary 
terms in Witten's argument of the positive energy theorem. It reduces to 
Chrusciel-Maerten- Tod's definition when t = 0. We prove the positive 
energy theorem for asymptotically anti-de Sitter spacetimes. We also 
verify that the total energy-momentum actually equals to Henneaux- 
Teitelboim's energy-momentum. 



3 



O . PACS number: 04.20.Cv 

u 



(N 
> 
^1- 



(N 



1. Introduction 



The positive energy theorem plays a fundamental role in general relativity. 
When the cosmological constant is zero and spacetimes are asymptotically 
flat, the positive energy theorem was first proved by Schoen and Yau [TU 
EZIIH], then by Witten [201 02] ■ (See [2] for the definition of the ADM total 
1 energy-momentum.) We refer to [91 U (U [22] for the case of high dimensional 

spacetimes. 

When the cosmological constant is negative and spacetimes are asymptot- 
^> . ically anti-de Sitter, initial data sets are asymptotically hyperbolic and the 

' second fundamental forms are asymptotic to zero, and some special cases 

of the positive energy theorem were proved mathematically in [19[ [U [14[ [7j . 
We refer to [T] for the extension of [2] in the negative cosmological constant 
and the physical proof of positivity, and to [3] for a definition for energy and 
other conserved quantities for asymptotically anti-de Sitter spacetimes in 
tetrad formalism. There is also another version of the positive energy theo- 
rem for asymptotically hyperbolic manifolds (e.g. [23\ I21j). which represent 
initial data sets near null infinity in asymptotically flat spacetimes. In this 
case both the metrics and the second fundamental forms are asymptotic to 
the hyperbolic metric. 

Recall that, with respect to the anti-de Sitter metric 



i + M 2 



\x\ 2 ' (1 — Ixl , 
l 
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Chrusciel, Maerten, and Tod [7| provided definitions of the total energy m u , 
v = 0, 1, 2, 3, the rest-frame angular momentum ju\ and the center of mass 
C(j), i = 1,2, 3. By taking suitable coordinate transformations which ensure 

= m {2 ) = m (3) = c (3 ) = j {2) = j(3) = 0, (1.1) 

they proved the energy inequality 



m (0) > VlcT + UI 2 + 2|cxi| (1.2) 

where rh = (m (1) , m (2) , m (3) ), c = (c ( i), C( 2) , c (3) ) and j = (j(i),j( 2 ),i( 3 ))- 
However, it is not obvious that such coordinate transformations always ex- 
ist. In this paper, we shall establish the general energy inequality without 
condition (jl.ip . 

The anti-de Sitter spacetime is indeed the hyperboloid 

Vaf)V a V P = J, A = -3k 2 (« > 0) (1.3) 
in IR 3 ' 2 equipped with the metric 



Va pdy a dy = -(dy ) 2 + ^(d^) 2 - (dy 4 



ay) -\ur 4,J 
i=l 

Under suitable choices of coordinates, the induced metric can be written as 



g = - cosh V)^ 2 + dr 2 + Sinh2 9 (/tr) (d0 2 + sin 2 0^ 2 ) • (1.4) 
The ten vectors 

d d 

U aP = y a ^-yp— (1.5) 

are Killing vectors generating rotations for R 3 ' 2 . Note that U a p depends on 
time t restricting on (jl.3p equipped with the metric (|1.4|) (see Appendix). 

We remark that the positive energy theorem for asymptotically de Sitter 
spacetimes is completely different, which is not always true |X3|, 112]. 

The paper is organized as follows. In Section 2, we provide a definition 
of the total energy-momentum for asymptotically anti-de Sitter initial data 
sets, which are asymptotic to t-slice in (jl.4p . This total energy- momentum 
arises from the boundary terms in Witten's argument of the positive en- 
ergy theorem. And it reduces to the one given in [7] when t = 0. In 
Section 3, we prove the positive energy theorem for asymptotically anti-de 
Sitter spacetimes using Witten's argument. In Section 4, we verify the total 
energy-momentum equals to Henneaux-Teitelboim's energy-momentum |llj . 
In Appendix, we provide the restriction of U a p on anti-de Sitter spacetime. 
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2. Total energy-momentum 



In this section we will provide a definition of the total energy-momentum 
for asymptotically anti-de Sitter spacetimes. Let the coframe of (|1.4p be 



e° = cosh(Kr)dt, e 1 = dr, e z 



sinh(Kr) 



dti, e 3 



sinh(fix) sin 9 



dip 



K K 

and denote e a as its dual frame. For convenience, we fix the following 
Clifford representation throughout this paper although the total energy- 
momentum and the positivity do not depend on the specific representation. 



/ 



e >-> 



e 2 !->• 



V- 1 



1 \ 



1\ 



/ 



e 3 H> 



1 \ 
1 



V 



Then the imaginary Killing spinors $ 



1 



X • <3? = for each X tangent to JV. 



(2.1) 



are of the form 



■u^e 2 + n e 2 

1 K.r nr 

v + e 2 + v e 2 

1 wr , K,r 

-live 2 + v— 1-u e 2 
-Ire 2 — v — lw~e 2 



(2.2) 



where 



Hi 



fit 



■ ^Ai cos y + A 3 sin 

/ ret , ret\ 
+ (^A 2 cos — + A4 sm — ) e 



e 2 v sin - 



cos-, 



Kt . fit 

Ai sm y + A 3 cos y 



e 2 ^ sin ■ 



+ 



+ 



cos -, 
2' 



. . Kt , Kt\ 

A2 sm y + A4 cos — j e 2 

Aismy + A 3 cosyJe 2 * 

Ao sm h A4 cos — e 2 v sm - , 

2 2 2 7 2 



cos ■ 



fit fit 

Al COS y + A 3 Sin y 
Kt Kt 

Ao cos h A4 sm — 

2 2 



e 2 ^ cos • 



e 2 



sm ■ 
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and Ai, A2, A3 and A4 are four arbitrary complex numbers. 

Let (N,g) be a spacetime with negative cosmological constant A, and g 
satisfies the Einstein field equations 

Rfc-^g + Ag = T. (2.3) 
Suppose that T satisfies the dominant energy condition 



T 00 > JE T o*' T oo>|T^|. (2.4) 



Let M be a 3-dimensional spacelike hypersurface with induced Riemann- 
ian metric g and second fundamental form h. (M, g, h) is referred as an 
initial data set. It is asymptotically anti-de Sitter of order r > | if gij = 
g(ei,ej) = d~ij + a,ij and h+j = h^ej), and a^-, V^a^, V/V^a^, ^ and 
Vfe/tj,- fall off as e _rKr on ends, where V is the Levi-Civita connection with 
respect to the hyperbolic metric 



, sinh 2 (Kr) , 2 . 2 , 2 , 
g = dr 2 ^ ^ — - (d0 2 + suT (9d^ ) • 



Moreover, Tooe KPz , Toie Kpz S L (M) for certain distance function p 2 . Denote 
£i = V J 9ij ~ ^itrg(g) - K(a u - g u tr s (a)), V ki = h ki - g ki tr s (h). 

Denote also by U a p the restrictions on (|1.4p of ten Killing vectors (jl.5p . Then 
we have the following total energy-momentum for asymptotically anti-de 
Sitter initial data sets. 



K 



E =-— lim / SxU^u 



40 ^' 



c t ~ lim / ^W^lim f Vjl U, 

, 3 (2.5) 

4=^ lim / ^Wf^lim / fyD^ 

lD7r r-s-oo a 57T r->oo / <j 

" Or j 2 1 '" 



i=2 

where w = e 2 A e 3 , C/ a/3 = U^je^, Vi = e ijk U jk . 

Now we discuss the relation between (|2.5p and quantities defined in [TJ. 
Take «; = 1 and choose i = slice. The transformations between the hyper- 
bolic metric b = jtzt^vv dx 2 used in [7] and the metric g used in our case 
are 

fy* iy* 

x 1 = tanh — sin cos V', x 2 = tanh — sin ^ sin ^, x 3 = tanh — cos 6. 
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Thus 

d ^ h 2 r ' ^^_|_ cos ^ cos ^ ^ s * n ^ ^ 

cte 1 2 <9r tanh | d# tanh | sin c?-0 ' 



2 cosh -sin 6* sin ^— — I — — — + 



dx 2 2 dr tanh | 96* tanh | sin ' 

d ,,r .5 sin 9 

— — : r = 2cosh -COS0 — 



Ox 3 2 <9r tanh § 50 

Now, in the polar coordinates, the quantities given in [7] are 

V(q) = coshr, V(i) = — sinhr sin 9 cos ip, 

V(2) = — sinh r sin 6 sin ip, V( 3 ) = — sinh r cos 0, 

^ ,! / n ,9 simp d \ . n , d 

On) = cothr cosOcostp— : — -— + smflcos^— , 

K ' \ dd sin 6 dip J or 

^ o / n . , 9 cosip d \ . . , 8 

6(2) = cothr cosflsin^— + -^—^-777 + sm&simp—, 
' \ dv suiti dip/ or 

9_ +cos& 9_ 

89 dr ' 



C(3) = — coth r sin 0— + cos 



_ , d cos cos ib d 
n W(s)=-^% ^0-^> 

5 cos sin tp 8 d 

^(3)(l)=CO S ^-- g . n0 — , 0^, = — . 

Therefore we get the relation between r?v, c/^ and Ju)(j) in [7J and our total 
energy-momentum 

m (0) = ^Oj 1Tl(i) = —<H, C(i) = c'i, J(i)(j) = ZijkJk- 

By the explicit expressions of U a p in appendix, we find that Eq, Ji do not 
depend on t, and ^ = nc^, ^ = — kq. Therefore 

Cj = — cos «i + C(j) sin «i, = mm sin fvi + cu\ cos /-ci. 

Furthermore, 



E = E 



2 | 2 
KK3 Kt<3 



3. Positive energy theorem 

In this section, we will discuss the general case of the positive energy 
theorem without assuming (jl.ip . Let (M,g,h) be an asymptotically anti-de 
Sitter initial data set in (JV, g) which satisfies the dominant energy condition 
(|2,4p . Let V be the local spin connection of g. Define 



V, = V» H — reef, - = E e * Vi ' 



i=i 
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By applying Witten's argument (e.g., [201 EE El EH HH we can obtain 
the unique solution D<f> = such that (ft is asymptotic to imaginary Killing 
spinors <&o on certain end, and to zero on other ends. Then, on this end, 



|V0| 2 + {(j>,U(j>) 



lim / (6, } ei ■ e ? - • V,(M * e l 

=- lim [ (V j gij - V,tr § ( 5 ))|$ | 2 w 

+ - lim / K(a kl - gkitr s {a))(® , ' ^0)^ 

4 r— >oo J g 

- \ lim / (/ifci - gkitr$(h)){® ,eo ■ h ■ ®o)&, 

2 r^oo J Sr 

where 1Z = \{Tqq + Tojeoej). Using the Clifford representation (|2.ip and 
(|2.2p for we obtain the right hand side of the above formula 

RHS =- lim / £ 1 (^+u + +^v + )e Kr u 



where 



Q 



2 r— >oo J g 



+ lim / T>2i( u+v + + v+u + )e Kr u 

JSr 

+ ^1 lim / V 31 ( u+t; + - ^v+u + ) e Kr cu 



47r( Ai, A 2 , A 3 , A 4 ) Q( Ai, A 2 , A 3 , A 4 



£0 - C3 ci - V 3 Tc 2 

Ci + \/^Tc2 E + C 3 



il h 
h -h 



E 



Eq + c 3 -ci + V z Tc 2 
-ci - V^Tc 2 E'o - c 3 



/1 = c' 3 -7^TJ 3 , / 2 = -c' 1 + J 2 + V^l(c' 2 + Ji), h = -d x -J2-\f-l{d l -J{). 
Denote c = (ei,c 2 ,c 3 ), c' = (c'^c^Cg), J = (Ji, J 2 , J 3 ) = j and 

5 = |c x c'| 2 + |c x J| 2 + |c' x J| 2 . (3.1) 



It is straightforward that 
B 



i<«<i<3 

|c x m| 2 + |c x j| 2 + \fn x j| 2 . 



Now we can prove the following theorem. 



Theorem 3.1. Let (M,g,h) be a 3- dimensional asymptotically anti-de Sit- 
ter initial data set in spacetime (N, g) . Suppose (N, g) satisfies the dominant 
energy condition. Then, for each end 



,a /i„'i 2 + |j| 2 - l(3 ' 2) 



(*) E >(jc| 2 + |c'| 2 + |J| 2 - 2|c' x J| + 2C 1 2 J 2 > |c 

(*») Eq >(|c| 2 + |c'| 2 + | J | 2 - 2|c||c' x J|3 + 2C|) 2 > 
where 

Ci =max{[ J B + |c' x J| 2 - |c' x J|(2|c| 2 + |c'| 2 + | J| 2 )] , o}, 

C 2 = max{[# + |c| 2 |c' x J| - |c||c' x J|5(|c| 2 + |c'| 2 + |J| 2 + |c' x J|)],o}. 

If Eo = for some end, then M has only one end, Q = 0, and (N,g) is 
anti-de Sitter along M . 

Proof: Note that Q is non-negative. The first-order principal minors yield 

E > M > 
and the second-order principal minors yield 

E 2 >\c\ 2 , E 2 >c 2 + \h\ 2 , (E -c 3 ) 2 >\l 2 \ 2 , (E + c 3 ) 2 >\h\ 2 . 
The sum of the last three inequalities gives 

El > i ( | c' | 2 + |J| 2 ) > |c'||J| > |c' x J|. 

Now the sum of third-order principal minors implies 

< E {E 2 - |c| 2 ) - ^ (|c'| 2 + |J| 2 ) + 2e ijk c l( ! r J k . 
Using the Cauchy inequality, we obtain 

E \c' X J|, 



ZijkCic'jJk < |c||c' x J I < I 



1 1 

i?o|c| |c x J 1 2 . 



Thus, when En > 0, we have 



2 f |c| 2 + |c'| 2 + |J| 2 -2|c / X J|, 
^o>( | c |2 + | c ,| 2 + |j|2_ 2|c||c , xJ| l_ (3-3) 

When Eq = 0, the second-order principal minors give c = c' = J = 0, so 
(|3.3p holds trivially. Now we use the nonnegativity of the determinant of Q 
to prove (|3.2p . 

detg = (El - |c| 2 - |c'| 2 - |J| 2 ) 2 + SEoEijkdc'jJk - AB 

where B is given by f)3. 1 [) . As 



, „ / , f (El + |c| 2 )|c' x J|, 
2E s ijk ^ jJk < 2^ |c||c' x J| < | I Uj c|| ^ x ' j|§ 
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we obtain 

det Q<(e$- |c| 2 - |c'| 2 - | J| 2 + 2\c' x jf " 
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B + |c' x J| 2 - |c' x J| (2|c| 2 + |c'| 2 + | J| 2 ) 



det Q <[El - |c| 2 - |c'| 2 - |J| 2 + 2|c||c' x J|5 ' * 



-4 B + |c| 2 |c' x J| - |c||c' x J| 2 (| c | 2 + |c'| 2 + |J| 2 + |c' x J|) 
They give (j3T2|) . 

If = 0, then it is straightforward that M has only one end and Q = 0. 
This implies that there exists {<fi a } which forms a basis of the spinor bundle 
everywhere over M such that V<^ Q = 0. Standard argument gives, 

Rijkl = { — ^ 2 ){9ik9ji — 9il9jk), Rojki = 
along M. The Einstein field equations yield 

Too = Roo + — A = - ^ -Rjjjj — A = 0. 

Then (j2.4j) implies T a| g = which give 

RojOl = K 2 5j7. 

Therefore, the Riemann curvature tensors of (N, g) are 

and A?" is anti-de Sitter along M. Q.E.D. 

Remark 3.1. If Eq > 0, then, implicitly, c' and J can be chosen freely 
in \3.2\i (i) and c can be chosen freely in i3.2\) (ii). In particular, we can 
choose c' = in \3.2\i (i) or c = in \3.2\i (ii). then, without assuming hl.l} ). 
f3JQ(i) att = ^ or (31$ (ii) at t = reduces to (fO|) . Moreover, RTBfi) 
at t = or i3.fy)(ii) at t = ^ gives 



1^(0) > y |rn| 2 + |j| 2 + 2|m x j\. (3.4) 
T/iis indicates that rh and c play the same role in physics. 



Finally, we remark that Theorem 13 . 1 1 holds also for the case of black holes. 
Suppose M has a future/past trapped surface (S,g, h) equipped with the 
induced metric g and the second fundamental form h 

tr s (h)Ttr s (h\ s ) > 0. 

Let e 3 outward normal and e& tangent to E. On S, the boundary term in 
the Weitzenbock formula is 

/ ((f), e 3 eA^A<P) = / (<t>, e 3 e A ^A<P) - / (<fi, V^lne 3 ^). 
Jt, Jt, Jt, 
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Under the local boundary conditions, ((ft, 63(f)) is both imaginary and real, 
hence zero. And the first integral in the right hand is non-positive in the 
standard way (cf. [H]). Thus the theorem for the case of black holes follows. 



4. Henneaux-Teitelboim's Energy-momentum 



In this section we verify that the total energy-momentum provided in our 
paper which arises from the boundary terms in Witten's argument is indeed 
the same as J a p defined by Henneaux-Teitelboim [11]. Following from |llj . 
we denote 

G ijkl = ^{f^ + ftf* - 2g ij g kl ). 
Henneaux and Teitelboim defined the energy-momentum as follows 

J afe =lim f G ijkl [UiV j9kl - VjU^a k i]dSi+ lim I 2U%\ k i dS i , 
where 7r fc * = V k % . In the orthonormal frame of (jl.4p . 
J <* = }™o I m ~ *jUS?°u]* + Em / 2uWp kl &. 

7 — ?0O Iq T — rOO Iq 

As 

= (U^ J 9U ~ Vugou) - (U^V.tr^g) - V 1 U^tr s (a)) 

= (U^ j 9lj ~ «Dff«u) " (PS^itrsig) ~ KUf b ] tr s {a)) + o(e~^) 
=E 1 U^+o{e-^), 
we obtain 



K K , K K 

— — J40, Ci — ——Ju, Cj — — — J i0 , Ji — ——i 
l07T l07T l07T l07T 



In [5], Carter obtained a family of solutions for the Einstein field equa- 
tions. 

^ 2 _ A^d X -\ 2 diP) 2 -A x (d X + LL 2 d4>) 2 2 2 /dA 2 V> 
where 

A A =^AA 4 + h\ 2 - 2mA + p + e 2 , 
A M =-A/x 4 -/i/i 2 + 2g/i + p 



10 



YAOHUA WANG, NAQING XIE, AND XIAO ZHANG 



where — oo < %■> A, /x < oo, < ^ < 2ir. It provides Kerr-anti-de Sitter 
spacetimes if A\, A M are given as follows 



f K 2 A 2 + l)(A 2 



2mA, 



a„=( k V-i)(m 2 



The Kerr-anti-de Sitter solution allows \fi\ > \k\ 1 and the metric has sig- 
nature (—1, 1, 1, 1) if A M > 0. If m = 0, it has constant curvature — k 2 and 
reduces to anti-de Sitter spacetime. 



In the region 
formations 



\k\ 1 < /i < \k\ 1 , A > 0, we can take coordinate trans- 



A = f , n = acos9, x = t — a(p, iJj 



with \/j,a\ < 1 and it yields Boyer-Lindquist coordinates for Kerr-anti-de 
Sitter spacetime 
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1 



2mf 



U 



2 / "2 , 2-2 

+ k (r + a sin i 



dt 



n 



2a sin 2 9 



2mr 



K 2 (r 2 + a 2 ) 



dtd<p 



U 9 U -9 9 -V , 

+ —df 2 + — d6 2 + sin 2 #-# 2 , 



A c 



U 



where 



Af 
A* 



(r 2 



+ a 2 ) (l + K 2 f 2 ) - 2mf 



1 — K 2 a 2 cos 2 i 



U = r 2 + a 2 cos 2 i 



V = 2mfa 2 sin 2 § + U(f 2 + a 2 ) (l 



2 2\ 

K a 



It was computed in [llj that the total energy- momenta of any t-slice for 
Kerr-anti-de Sitter spacetime are 



E, 



in 



o 



(1-K 2 a 2 ) 2 ' 
Ci =c[ = 0, i = l,2,3 

Ji = J 2 = 0, J 3 



mna 



1 — K 2 a : 



2„2^,2 • 
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5. Appendix 



U- 



10 

U u 
U 2i 



cos(nt) 



K 

sin(/ci) 



. „ , d , . . / „ , d sin ib d 

smvcosip- — h KCoth{Kr)[ cos 9 cos ip — 



89 sin 9 dip/ 







tanh(Kr) sin 9 cos ib — , 



cos(«t) 



d ( 

sin sin ip — — h k coth(Kr) cos sin V'tttt 
Or \ 09 



K 

sin(Kt) 



d cosV' d 



sin 9 dip. 







tanhf/cr) sin 9 sin ib — , 
k at 



cos(ftt) 

K 

ld_ 

k dt' 
sin(nt) 



8 8 

cos 9— k coth(Kr) sin 9— 

or 06 



smfnt) 9 

tann(Kr) cos a—, 

k ot 



+ 



K 

cos(frf) 



8 / 
sin cos ip — — hK coth(/tr) 
Or \ 



8 sin-;/' <9 
cos # cos ^ttt — 



89 sin9 dib< 



d 

tanh(/tr) sin 9 cos V'tt > 

sin(Kt) r . „ . , 5 , . . / „ . , cos?/' 9 

sin 9smip— + k cotn(Kr) I cos asmip— -\ — : 



+ 



K 

cos(nt) 



dr 







tanh(/tr) sinflsin^TT) 
k Ot 



^34 = 



sin (/-it) 



8 8 

cos 0- k cothf/tr) sin 9— 

Or 06 



+ 



89 sin 9 dip 

COs(Kt) , ^ <9 

tann(Kr) cos 0— , 



Ul2 ~w 

. , 8 cos # cos ^ 5 

U 23 = - smip— — — — , 

89 sin 9 dip 

, 5 cos 9 sin V> 3 

L/31 =cosVt^ r-7 — jrj- 

06 sin 6* 
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